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Abstract 

We present a superspace formulation for super eightbrane theory 
based on massive type IIA supergravity in ten-dimensions. Remarkably, 
in addition to the 10-form superfield strength originally needed for su- 
per eightbrane, we also need an 'over-ranked' 11-form superfield strength 
Hai--Aii with identically vanishing purely bosonic component, in order to 
satisfy all the Bianchi identities. As a natural super p -brane formulation 
for the 11-form superfield strength, we present a super ninebrane action 
on 10-dimensional super-worldvolume invariant under a local fermionic 
K -symmetry. We also show that we can formulate such a superspace with 
an 'over-ranked' superfield strength also in eleven-dimensions, and possi- 
bly in other lower dimensions as well. 
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1. Introduction 

In 1995, a first possible effective theory formulation [1] for super eightbrane [2] or Dirichlet 
eightbrane [3] based on massive type IIA supergravity [4] was presented. The basic idea is to 
start with the massive type IIA supergravity in ten-dimensions (lOD) [4], regarding the mass 
parameter m as a scalar field, and then perform a duality transformation into its 9-form 
potential field with 10- form field strength as its Hodge dual. This 9-form potential field 
is to be identified as the background superfield for the super eightbrane action. However, 
the drawback of ref. [1] was that only bosonic terms were given with no fermionic partners, 
which are indispensable as an effective supergravity theory. 

Although there appears to be a tremendous amount of support for the idea of the Dirichlet 
p-brane [3], it has been noticed by Gates [5] that there has been no satisfactory superspace [6] 
(nor component) level formulation accompanying such a 10-form component field strength in 
a manifestly supersymmetric manner. As a simple consideration reveals, there seems to be a 
fundamental obstruction for accommodating the 10-form field strength in superspace. To see 
this, let us introduce the 10-form superfield strength Na^-a^o corresponding to the 10-form 
component field strength Na^...a^Q for its 9-form potential Ma^...ag. The fundamental problem 
seems to be the contradiction between the non-zero 'constancy' of the bosonic component 
^ai-aio-i a-nd the satisfaction of the Bianchi identity (BI) for Na^-Awi that usually occur at 
the A'"-BI with dimensionality d — 1 of the form V(aA^/3)ci...c9 + • • • = 0. This is because 
if Na^...a^^ is constant, then the supersymmetry transformation of the potential should 
vanish up to gauge transformation: ^gMai-.-ag = 0. Now due to the general relationship 
5qMci...c9 = e^A^Qci-c9 + (l/80V'[ci|-e-A^a^|c2-c9] for a supersymmetry transformation 5q [6] 
we expect no such components as Najsci-cs- However, once this component is zero, there 
seems no way to satisfy the above A^-BI in superspace, keeping A^ai - aio ^ ^ non-zero 
constant. 

In this paper, we will finally overcome this difficulty by introducing an over-ranked 11- 
form superfield strength Hai-Ah, mixed up with the A'"-BI. Such over-ranked superfield 
strengths have been already considered in 1980 [7], but our 11-form superfield strength 
is more unconventional, because it enters into another superfield strength Nai-.-Aw via 
a 'generalized Chern-Simons term', as will be seen. We will also give a possible super 
ninebrane action coupled to the 10-form potential superfield via a Wess-Zumino-Novikov- 
Witten (WZNW) term. As a by-product, we provide a superspace formulation with a 12- 
form superfield strength for IID supergravity [8] [9]. Finally, we also give conditions for 
any possible supergravity theory with an over-ranked {D + l)-form superfield strength in 
I? -dimensional space-time. 
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2. Superspace Constraints 

We start with listing up our Bis that are crucial for our formulation. First of all, our 
component field content is {em", V'm-, ^m, Bmn, Amnp, ^, Afmi-mg, C'mi-mio),0 where the first 
six fields are the standard ones for type IIA supergravity [10] or its massive generalization 
[4] [11], e.g., Am, Bmn and Amnp respectively have the field strengths Fmn, Gmnp and 
Fmnpq, while Mm^-mg and Cmi-mio ^^"^ "^^^ supcrspace formulation. In particular, 
^mi---mg has the field strength A^mi---mio! while Cmi-mw identically vanishing 

field strength Hmi-mn = obviously in lOD. Accordingly, our superfield strengths are 
Tab'^, Rab/, Fab, Gabc, Fabcd, Na^-a^q, -ff^i-An, where the first three are the standard 
ones in type IIA supergravity [10] [12], or its massive generalization [4] [11], while the last 
two are peculiar to our superspace formulation for super eightbrane. Especially, despite of 
Hai-aii = 0, there are non-vanishing components HajBcv-cg, while Ai'a^...a^Q is the only 
non-zero component among Na^-.-Aiq, as will be seen in (2.10). 

All of our superspace Bis to be confirmed are listed up, as 

|V[a-Fbc) - ^Ti^ab\^Fd\c) = , (2.1) 

^ViaGbcd) — jTi^abi^Geicd) = , (2.2) 

^"^[aFbcde) — j^Ti^ABi^ Ff\cde) — y^Fi^abGcde) = , (2.3) 

^"^[AiNa^-Au) - ^T[AiA2\^Nb\a3-Aii) - Ha^-Ai^N = . (2.4) 

■^^IAiHa2-Ai2) - ^^T^A-^Ail^ Hb\A3-Ai2) = ' (2-5) 
IVf^T^c)^ - |T[AB|^T^|c)^ - \RiAB\f' {M,%f ^ . (2.6) 

Our (anti)symmetrization is defined by PiaQb) = PaQb =F PbQa, with no normalization. 
The 'constant' scalar (0-form) superfield in (2.4) is definedhj 

^ = +lk^""""^«i-io , (2.7) 

as the Hodge dual to the 10-form field strength A'"aj...a^p. The constancy A^ = const. = m ^ 
in superspace is equivalent to 

VaA^^O . (2.8) 

The Bis (2.4) and (2.5) are our new Bis in this paper, and in particular, the last if A^ -term 

in (2.4) is the most crucial term, regarded as a result of a generalized Chern-Simons term 

^We use m, n, ■■■ = 0, 1, 9 for lOD curved coordinates, while a, b, ■■■ = (o), (i), (9) for local Lorentz 

coordinates in lOD. We sometimes use the underlined spinorial indices to symbolize both dotted and undot- 

ted components collectively: ), 13 = (13,13), where a, /3, ■■■ = l, 2, 16, a, 0, ■■■ = 1, 2, 16. The 

superspace indices A, b, ■■■ = (a.a), (b,/3), ■■■ are for local Lorentz coordinates. 
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in Naj^-.-Aio, solving the long-standing problem with the A^-BI. To be more explicit, our 
Nav-Aio should be defined by 

Nai-Aw = ^^IAiMa2-Aio) - ^T^AiAil^ Mb\A3-Aio) + Ca^-a^^ , (2.9) 

to comply with (2.4). Here the last CA^-term can be interpreted as a generalized Chern- 
Simons term, because it is a product of a potential superfield Cai---Aiq and the superfield 
strength A^. Also to be stressed is the importance of the constancy (2.8), which makes the 
whole system work consistently. 

Even though our Bis above look so simple, we emphasize that we have tried many other 
options, such as introducing other superfield strengths, such as Fa^-As and/or FA^-Aa dual 
to Fabcdi like the M-5-brane formulations [13] [14]. Even though we have also allowed 
possible Chern-Simons terms for each of these Bis, these superfield strengths never helped us 
to solve the problem with the unwanted terms in the A^-BI at c/ = 1, as has been mentioned 
in the Introduction. It seems that the introduction of the 'over-ranked' Ha^-.-a^i is the only 
solution to this problem in superspace formulation, once Na^-Aw dual to a scalar superfield 
A^ = const, is introduced. 

As is well-known, there can be infinitely many sets of constraints in superspace satisfying 
our Bis. However, we choose in this paper the simplest set, which is sometimes called 'beta- 
function favored constraints' (BFFC), drastically simplifying the /3 -function computation, 
originally for A^ = 1 supergravity in lOD [15], and applied later to type HA supergravity 
in [12]0. Our result for superspace constraints is summarized as 

V = +2(a^)„^ , T..'^ = +i{a'^).. , (2.10a) 

V = + (^%(^.X)" , T^f =+5(^'x'^^ + {cj^).'^{cj,x)' , (2.10b) 
T^i? = -\{<y'''):^G,,, , T.^' = +\{a^'').'G,,, , (2.10c) 

+ * (^"*^W - + li^^)J^-''N , (2.10d) 

^^6" = -U^'^^^'h' {''"^c, + Xc) - l{cj,).\xx) 

F . = +C . e* - A^5 . , F^0 = -NB^a , F.. = -NB . . , (2.10f) 



■^Evcn though the basic structure for BFFC in [12] is vahd, there are some errors in numerical coefficients 
in the superspace constraints given there. See below (2.13). 
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+^e*Kx)„-iV5,, , F.^ = +te''{abx)i~NB.^ , (2.10g) 



Go.pc = +^{cr^)^p , G..^=-z{a^).. , (2.10h) 
F =+e*(a,,) '+Y . , (2.10i) 

aped ap aped 

Fabcd = +^e*(afex)o + Y^b^d , F.^^^ = +ie'^{ahx)' + Y.^^^ , (2.10j) 
V„$ = +Xa , V^<l' = +x^ , V„x^ = -V^Xa , (2.10k) 

V„X/3 = +licr'^)ap^c^ - ^(^^'^)./3G'[3] - , (2-10^) 

V^X . = +i(^^),^V.$ + ^(^P]), .Gp] - . , (2.10m) 
V.X . = -i(-"),^(e-*Fc. + Xed) + ICJxx) 

- Tk(-^'^).^(-"*^W - X,,,) - IC^^ e--N , (2.10n) 

i?a/3ci...C9 = +i(cTci...c9)„/3 , = "^(^^1-^9) • (2.10p) 

Here the symbols such as [4] denote the total anti-symmetrizations of bosonic indices, 
e.g., y4[4]i?W = AabcdB"'^'^ for the totally antisymmetric tensors Aabed and B""^^"^. 
Other notations are the same as those in ref. [16], e.g., our lOD metric is {riab) = 
diag. (+,—,—,•■■, —) and the e -tensor and cr^_^ -matrix are defined by e°^'"^ = +1, (7^^ = 
a^^ ^, so that a,^^ , = (l/n!)(-l)«"-i)/2]e Ma. .a„,and (l/n!)e ^i-cio-n 

01---9' [10— nj ^ ' ' [10— nj [nj 11' ^ ' ' ai---aio-n ln\ 

_(_l)[("-i)/2] X S^ai^^ ■ ■ ■ 5aio-„]'^^°""; where [(n — l)/2] in exponents is the Gau/3's sym- 
bol for the integer part of (n — l)/2. Our fermionic index contraction rule is the same 
as that in [16], i.e., the contraction between northwest and southeast is the standard one 
with no extra sign, while that between southwest and northeast costs an extra sign, e.g., 
(c^cX)" = (c"c)"^X/9 = ~(^c)"*X^ also with fiippings of the dottedness of indices, when 

raised and lowered by the charge conjugation matrix C"^ = —C^'^, C . = — C • , e.g., 

af3 /3a 

(o-cX)" = +C"^(o-cX)^ = -(o-cX)^C''^", The symbols x^2]' ^XX) are for 

"^[2] ~ X ('^[2])« X^ 5 X|-4j = X ('^|-4j)a 5 (XX) = X X„ • (2.11) 

Note that all the other remaining independent components for the superfields in (2.10), 
such as Tab" are all zero, in particular, Nab^...bg = 0, A^„^ci-C9 = 0, Haei-ew = 0, Hc^-e^ = 
0. The Yabcd is the super Chern-Simons form defined by [11] 

Yabcd = \FiabBcd) ■ (2.12) 
■*Just as a guide for the readers unfamiliar with this notation, other important relations are such as 

/3c, a/3 ,3e, afi g 



Note also that F^n is defined by Fmn = f^[m^n] + NB^n as usual for a massive type IIA 
formulation [4] [11] for the mass m = N, complying with (2.10f) and (2.10g). 

We now briefly describe some crucial points for the confirmation of Bis at d < 1. The 
most crucial step is the introduction of the i^A^-term in (2.4). Aa was already mentioned in 
the Introduction, if there were no such a term in (2.4), there would be no satisfaction of the 
A^-BI for the component [ajSci ■ ■ - cg) at d = 1. There are other simpler and less crucial 
confirmations, such as the {a(3ci ■ ■ ■ Cio) -component of the H-Bl (2.5), which has only one 
term {a^^^ cs{'^)ai3^\c9Cio]d which does not seem to vanish by itself. However, multiplication 
of this term by e'^^'"'^"' immediately reveals its vanishing, due to 

^'"""%...cs''(^e)„^a,c,o<i = . (2.13) 

This is because the index d on Gcgciorf should be only eg or cio, yielding zero for the 
totally antisymmetric Gafec-Q 

We mention some errors detected in various numerical coefficients in ref. [12], which are 
now corrected by our constraints above. The most crucial ones in [12] are for the F[4] -term 
in Tab'^ , '^ab' ■> ^^"^ '^"-^p' ^^^^^^^ errors are found in the coefficients for x -terms, in 
particular, the (xx)-term is missing in Tab' in [12]. Even though the -terms are not 
essential at the lowest order, they will affect many computations at the bilinear order terms 
with a lot of inconsistency, such as xA^ -terms described in the next section. 

3. Bis at d = 3/2 and Fermionic Superfield Equations 

We can perform a simple consistency check about our superspace formulation with the 
modifications with the A^ -superfield strength accompanied by the additional superfield 
strength Ha^-a^i aX d = 3/2. The most crucial test is the (aci ■ ■ ■ Cio)-type A^-BI, 
which is shown to hold only under V^A^ = 0. Another important confirmation is the 
fermionic superfield equations, obtained from the (a/5c, 7) -type T-BI (2.6) at = 3/2. 
Our fermionic superfield equations with the A^-modifications thus obtained are 

i{(y^Tab)^ + 2VaXa = {xG and xV<I> -terms) , (3.1a) 
(a"^T,,)^ = +|x^Ar+(xG and xV$ -terms) , (3.1b) 
'^^ifx)^ = +\x-N+ixG and xV$ -terms) , (3.1c) 

and similar forms for the other chiral components. Note that there is no xA^-term in (3.1a). 
Since A^ = const. = m 7^ 0, the A^ -dependent terms in (3.1) are regarded as 'mass' terms, 
corresponding to the original component formulation [4]. 

^Similar identities for higher-rank tensors have been already mentioned in ref. [17] 



There are several ways of getting these fermionic superfield equations, and they yield 
consistent results. Let Xg^J- be the l.h.s. of (a/?c, 5) -component of the T-BI of (2.6). We 
have performed the contractions (i) ^/X^^?/ = 0, (ii) i(a")"^X^^/ = 0, (iii) c'^X^.^^ = 
0, (iv) ds'^X . ^ = 0. The contraction (i) gives directly (3.1a), while (ii), (iii) and (iv) give 

afic 

the consistent equations (3.1b) and (3.1c). This is one of the non-trivial consistency check in 
our formulation, in particular with the new 11-form superfield strength. As a matter of fact, 
there occur lots of highly non-trivial cancellations among all the unwanted terms, providing 
good cross-checks for the whole system. Relevantly, the xX -terms in (3.1) are sensitive to 
the numerical coefficients of F[4] and X|-4] "terms in the constraints (2.10d), (2.10e) and 
(2.10n). In fact, this led us to detect the errors in numerical coefficients given in [12]. 



4. Super Ninebrane in lOD 

The existence of the 11-form superfield strength Ha^---Aii strongly indicates the possible 
super ninebrane formulation on lOD world-supervolume. We give here a brief description of 
such a formulation, as a special case of more general super p-brane formulations [2].^ 

Our ansatz for the total action of super ninebrane is 
/lo = J d'^cr 

with the 10-form potential superfield Cai-Aio for the 11-form superfield strength Hai-Au- 
The indices i, j, ■■■ = o, i, 9 are for the curved lOD world-supervolume coordinates with the 
metric g.^. The n,"^ = {diZ^^)EM^ with the target space-time (inverse) vielbein Em"^ is 
the usual pull-back in super p-brane formulation [2]. Our action Jio is invariant under the 
fermionic k -symmetry [2]: 

5^E^ =1(1 + T)%K^ , 5^E- = , (4.2a) 

r/ = ^6^--^-n,,'^^ ■ ■ ■n,,/-(a,,„...„j/ . (4.2b) 

Here 6i^E^ = {6kZ^^)Em^, as usual [2], and the matrix I + T plays a role of a projection 
operator, and it is easy to show that 

T^ = +I . (4.3) 

Note that the dimension of our world-supervolume and that of the target lOD space-time 
coincide. This further implies that F defined by (4.2b) is equal to the an -matrix for our 
lOD superspace: 

r = an . (4.4) 

''Due to the lack of strong motivation, the (p + l)-dimensional target space-time for super p-brane was 
ignored in Table 1 in ref . [2] . 
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■n,; 



(4.1) 



The proof of this relation rehes also on the embedding condition 



g.. = Ili^Ilja , (4.5) 

obtained as the algebraic field equation of g. .. Notice that Ilj" can be identified with 
the world-supervolume zehnbein up to appropriate Lorentz transformations, because of the 
matching range of indices of both i and a, namely — det (gij) = (detllj")^. Using this, we 
can confirm (4.4) as 

(LHS of (4.4)) = -^e^i-ion.^a, . . .n,^^«io(,^^^ 

I 1 Ji"-iio, TT "1 TT "10 /T 

~ 10!v^ '1 ■ ■ ■ -^^iio "11 

= ^(detni«)(aii) = +aii = (RHSof (4.4)) . (4.6) 
In order to simplify other computations, it is convenient to use the notation 

The Ti matrices conveniently satisfy the Clifford algebra {rj,rj} = +'2g,-j- Armed with 
these relations, we can now easily verify the «;-invariance of our action (4.1), by the aid of 
other relations such as 

e^--^^°ri,...,, = +(9!)^pir , (4.8) 

which seems by now almost trivial. In fact, an intermediate stage of the variation of Iiq looks 
like 

sjio= -^v^n,i(P) .i(j + r)^,/t^ 



>2£ 2* 

- + r)^,KXi{r,,..,,r)^ji,,,^ , (4.9) 

which vanishes under the relations above. 



5. 12- Form Super field Strength in IID 

Once we have understood this super ninebrane formulation in lOD with the peculiar 11- 
form superfield strength, our natural question is whether such a feature is common to other 
superspace formulations in other dimensions. The answer to this question seems affirmative, 
and we first give an explicit example for IID supergravity [9] [8]. 

Mimicking our lOD result, we introduce two extra superfield strengths A^Ai - Ah and 

Hai -Ai2: in addition to the conventional ones Tab^ , Rab/ and Fabcd in HD [8]. Now 
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our Bis are 



^V[a-Pbcde) - ^T^AB\^ Ff\cde) = , (5.1) 

^V[Ai-/V"a2-Ai2) - :^^TiAiA2\^ Nb\A3-Ai2) + Hai-Ai2^ = , (5.2) 

IVt^T^c)'' - ^,nAB\^TE\cf - \RiAB\J{Mf%f ^ . (5.4) 

The if -term in (5.2) is an IID analog of that in (2.4). 
Our superspace constraints are 

T'a/ = +«(7')a/3 ' Kpcd^+^(lcd)ap , (5-5a) 

Tab'' = +Tii(7,WFM + ST^^^F.p]) J , (5.5b) 

7V = +-Le«i-ii7v„^...^^^ =const. , V^A^ = , (5.5c) 

HaPcv-cw = +(7ci-cio)a/3 " (5-5d) 



We use the metric {Tjab) = diag.(+, —), and exactly the same notation as in [18], 
whose details we skip here. As before, other independent components, such as Habi-bn are 
all zero. 

In the confirmation of Bis at d < 1, some crucial relations are needed. For example, the 
{a^jSci ■ ■ ■ eg) -type i7-BI at d = needs: 

Another example is the {a(3ci ■ ■ ■ Cii)-type iJ-BI at d — 1 requiring 

(7[ci-C8|'^)a/3-^<i|c9Ciocii] = , (5.7) 

which is confirmed by its multiplication by e'^^'"'^": 

£ (7ci---C8 )a/3-^<ic9Ciocii ^ci -ca ^ ilef) a/B^'dcgciocii = : (^-8) 

because one of the indices eg, cio, en on Fdcgciocu should be d, like eq. (2.13). 

We have now seen that we can introduce extra superfield strengths even for IID super- 
gravity, contrary to common wisdom about its tight field content. However, we also add 
that our modification alters only the off-shell structure, with no essential couplings between 
A^'s and the original physical fields, up to topological considerations. This is also expected 
from the past trials of modifying the IID supergravity [19]. Note that there is an important 
difference of the IID case from the massive supergravity in lOD of the previous section. In 



lOD the superfield strength Na^^.-Aio involved non-trivially in constraint such as (2.10n), 
while in IID Na-^...Aii has no such non-trivial couplings with physical fields. Relevantly, as 
contrast to the lOD case, the cosmological constant vanishes in the IID case. 

We can further try to repeat the construction of super tenbrane action, following the 
super ninebrane result in lOD. However, we soon notice an obstruction that the IID analog of 
F-matrix (4.2b) is reduced to an identity, due to the IID 7-matrix relation e"i"'""7a^...aii = 
+i(ll!)7. 

6. Super {2k — 1)-Brane Action in D — 2k 

Since we have seen how the super ninebrane formulation works in lOD, it is straight- 
forward to generalize it to an arbitrary supergravity theory in even space-time dimensions 
D — 2k. The starting point is to establish the superspace formulation with the D-iorm and 
{D + l)-form superfield strengths Na^-Ad HA^-An+n with the Bis: 

^^IAiNa2-Ad+i) - 2[{D-iy.] '^[^iM\^^B\A3-An+i) " Ha^-Ao+iN = , (6.1) 
p^V[Ai-ffA2-Ao+2) - ^^T^AiA2\^ Hb\A3-Ad+2) = ' (6-2) 

together with other conventional Bis in the original D -dimensional supergravity. Now these 
new Bis should be satisfied by the constraints 

Ta/ = i{Y)^ , ••• (6.3a) 

N=±^e'''--'^Na,...a^= const. , V^iV = , (6.3b) 

_ji (7ci...c,_i7^+i)a^ (for D = even) , 

- \ (7c,...c._ " (for D = odd) , ^^-^"^ 

where • • • in (6.3a) denote other necessary constraints for the original D -dimensional 
supergravity itself, whose details depend on the dimensions. Also depending on D is 
the dottedness of the 7 -matrices, which is implicitly included in the underlined spinorial 
indices here. These underhned indices also include any possible N > 2 indices in some 
dimensions such as D — 6 [20], where (7^^)^^ are antisymmetric, so that additional 
N > 2 indices i, j, ■■■ are needed, as T^^*^ = ^il'^)ai3% with an antisymmetric metric 
e^.. Additionally, because of the contraction rules for spinorial indices, with or without 
antisymmetric charge-conjugation matrices depending on D, equations in (6.3) (and also in 
(6.8) below) are correct up to signatures. As before, all other independent components of 
N or i7 -superfield strengths, such as Hghi-bo ^^e zero. 

It is straightforward to show how all the Bis (6.1) and (6.2) at d — Q can be satisfied 
by (6.3). The most crucial identity is for H-Ei at d — Q: When D — odd, the identity is 

W ^ (7a)^ {1"''-'''-% = ce'^'--'--^'^ (7a)^ (7c),, ^ , (6.4) 



with a constant c. This is because 'j^^ is e -tensor times one 7 -matrix in odd dimensions. 
While if D = even, then the identity is 

W = (7a)^ = (7a)^ {lc),s ^ , (6.5) 

for 7^^-^ proportional to 7o7i---7^_^- Thus whether D is odd or even, the H-Bl at 
d = is identically satisfied, due to the total antisymmetry of the e -tensor. 

In order to satisfy d = 1/2 and d = 1 iJ-BIs, we need two conditions, respectively 

T(ap\-H^\2)di-dD~i = ) (6-6) 

Tlci\{a\-Hs\l3)\c2-CD] = • (6-7) 

In fact, our previous IID case satisfies both of these: (6.6) trivially, and (6.7) by the algebraic 
identity (5.8). Since the explicit structure of the components T^js- and Tab- depends on 
the supergravity theory in D -dimensions, we do not go into the details any more. As for 
the A^-BIs, one at d = 1/2 is rather trivial, while the old problem at d = 1 does not 
arise, thanks to the HN -term in (6.2). 

If this superspace formulation up to now is the whole story without a super p-brane 
action, the space-time dimensions can be both even and odd. However, as we have seen for 
IID case, due to the triviality of the matrix T in D = odd, only D = even is allowed 
for a super {D — l)-brane action with the fermionic k -symmetry. Considering this, let us 
give the ansatz for the super {2k — l)-brane action for D = 2k < 10, as a generalization of 
(4.1) - (4.5), or even as a special case of super p-brane [2]: Our relevant equations areQ 



hk = I d^'^a 



+ (iI)T^^""^"n,/^---n,,/-C^,,...^,] , (6.8a) 
6^E^ = \{I + r) , = , (6.8b) 

^ »i-»2fcn. "1 ■■■n- "^fef^ )-„ = {^ )-R r6 8c) 

g^^ = n,''Tl,a ■ (6.8d) 

The last equality in (6.8c) is the crucial one, in our case with the same dimensionality both 
for the super-worldvolume and the target space-time, under the embedding equation (6.8d). 

Once we have seen the existence of over-ranked superfield strengths in IID, lOD and 

^We use 2k for the dimensionality, not using the word 'super D-brane' in D-dimensions to avoid the 
confusion with Dirichlet p-brane [3]. 
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D < 9, we notice that there is an interesting sequence among them depicted by the diagram: 

D = ll — > D = 10 — > 

Nai-Aio • • • 

connected by appropriate dimensional reductions. The essential point is that the 11-form 
Nai--Aii in 1 id can be the origin of the over-ranked 11-form Hai--Aii in lOD, and the same 
pattern seems to continue to lower dimensions D <9. Since the M-thcory is the underlying 
non-perturbative theory in IID [21] [22], this result may well provide a new important link 
or duahty between M-theory and lOD superstring, or even with theories in D > 12 [23] [24] 
which in turn provides the origin of Hai...Ai2 in HD itself. 



7. Concluding Remarks 

In this paper, we have presented a superspace formulation with the 10-form superfield 
strength Nai---Aio, as the most important foundation for super eightbrane theory [1] that has 
not been performed in the past. We have found a remarkable fact that the over-ranked 11- 
form superfield strength Hai - Au is the crucial key for the A^-BI to be satisfied. The peculiar 
feature of our superspace formulation is triple-fold: First, the rank 11 of Hai-Ah exceeds the 
space-time dimension 10. Second, Hai-.-Ah appears in the superfield strength Nai-.-Aw 
a generalized Chern-Simons term, associated with the HN -term in the A^-BI (2.4). Third, 
the whole mechanism works, only when the scalar superfield is constant: VqA^ = 0. 
To our knowledge, there has been so far no such a superspace formulation with an over- 
ranked superfield strength involved in a peculiar generalized Chern-Simons term. Taking 
also the advantage of the simplest structure of the BFFC constraints [12], we have drastically 
simplified our superspace computation. 

We have also presented a super ninebrane action with lOD world-supervolume with 
the WZNW term, naturally expected from the presence of the 10-form potential super- 
field Cai---Aio- It seems now that the super ninebrane action is a natural result of super 
eightbrane formulation itself. In the conventional p-branc context [2], there was no strong 
motivation for over-ranked superfield strengths. Especially, the possibility of super ninebrane 
formulation in lOD, in which the dimensionality of the target space-time coincides that of 
the supcr-worldvolume, was not seriously considered, ever since the first super p-branc 
formulation [2]. The recent development of super eightbrane [1][2] or Dirichlet eightbrane 
[3] gave a strong motivation of introducing such over-ranked superfield strengths. We also 
mention that our ninebrane action with the k, -symmetry may be regarded as a non- linear 
realization of supersymmetry in lOD, similarlv to the Dirichlet brane action in [25]. 



As a by-product of our lOD result with an over-ranked superfield strength, we have also 
confirmed that a 12-form superfield strength can be introduced also into IID superspace. 
As for the possibility of super tenbrane formulation in IID, there seems to be an obstruction 
about the matrix F [2], because its usual definition results in an identity matrix. Despite 
of this situation in IID, our result for over-ranked superfield strength seems to have lots 
of applications even to < 9. Namely, whenever there is a 'massive' supergravity in 
D -dimensions, we first introduce the D-iorm field strength Na^...aiy as a dual to a scalar 
field replacing the mass parameter m. We then introduce an over-ranked superfield 
strength i^Ai-.-AD+i in order to satisfy the A^-BIs by a generalized Chern-Simons term. 
However, a super [D — l)-brane formulation does not seem to exist in -dimensions for 
D = odd, due to the property of Clifford algebras forbidding as in IID the non-trivial matrix 
r needed for a k -symmetry. 

Another consequence of our result is that the apparently 'old-fashioned' superspace ap- 
proach [6] is still powerful to discover yet unknown features of super p-brane physics. This is 
because we can not even construct super p-brane action [2] without establishing the under- 
lying superspace for backgrounds. Accordingly, there seems to be no alternative way other 
than introducing the over-ranked superfield strength Moreover, such an over- 

ranked field strength does not enter the algebraic analysis of supersymmetries for M-theory 
in terms of Clifford algebra [22]. ^From these viewpoints, superspace formulation [6] still 
maintains its usefulness for finding unexpected features in supergeometry, even nowadays. 
There seems no alternative quick way to avoid the struggles with tremendous amount of the 
7 -matrix algebra, as we have performed for the satisfaction of our Bis. 

Our result is also suggestive of possible underlying supergravity theory in D > 12 like 
those in [24], as the origin of the over-ranked superfield strength in lOD. It is plausible that 
higher- dimensional non-perturbative theories [23] which are supposed to underlie the lOD 
or IID theories, may well enter the configuration, when we start considering super p-brane 
physics as the basis of non-perturbative description of superstrings or supermembranes. 

Considering that there has been no superspace formulation for super eightbrane or Dirich- 
let eightbrane in the past, we re-stress the importance of our result as the establishment of 
supergeometry for super eightbrane [1] for the first time. It is natural that our formulation, 
due to its unconventional over-ranked superfield strength involved in a peculiar Chern-Simons 
term, has been overlooked for such a long time since the first component formulation effec- 
tive theory of super eightbrane [1] . We expect more future developments related to our new 
superspace formulation with over-ranked superfield strengths in higher [D > 12) [24] as well 
as lower {D <9) dimensional theories. 
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